Abstract: This paper introduces a new routing problem referred to as the vehicle routing problem with vector profits. Given a network composed of nodes (depot/sites) and arcs connecting the nodes, the problem determines routes that depart from the depot, visit sites to collect profits, and return to the depot. There are multiple stakeholders interested in the mission and each site is associated with a vector whose k th element represents the profit value for the k th stakeholder. The objective of the problem is to maximize the profit sum for the least satisfied stakeholder, i.e., the stakeholder with the smallest total profit value. An approach based on the linear programming relaxation and column-generation to solve this max-min type routing problem was developed. Two cases studies -the planetary surface exploration and the Rome tour cases -were presented to demonstrate the effectiveness of the proposed problem formulation and solution methodology. 
The vehicle routing problem (VRP) has been actively studied and used to address operational challenges, primarily in the field of supply chain management (SCM), since it was originally introduced by Dantzig and Ramser (1959) as an extension of a classical traveling salesman problem (TSP). Given a network composed of nodes (a depot and sites) and arcs between them, the original VRP formulation determines multiple routes of a vehicle (a delivery truck) that 1) depart from and return to the depot and 2) collectively visit all sites. The objective of the problem is to minimize the total travel distance under constraints such as the delivery capacity of the vehicle and the number of routes.
The vehicle routing problem with profits (VRPP) is an important variant of VRP. In the VRPP, 1) a numerical "profit value" representing the amount of benefit obtained by the visit is assigned to each site, and 2) leaving certain (less attractive) sites unvisited is allowed. Therefore, instead of minimizing the total travel distance over the routes that collectively visit all sites, the VRPP maximizes the sum of collected profit values by determining the sites to visit (a subset of the whole sites) and their visiting routes while satisfying the constraints such as the resource consumption on each route or the overall mission.
In the original VRPP formulation, the profit obtainable by visiting a site was defined as a scalar value. This definition implies that there exists a single stakeholder interested in the routing mission and the stakeholder can determine the profit function relating the site visit to a numerical value. In reality, however, some routing problems involve multiple stakeholders whose profit functions are quite different. One example is the determination of touring routes for a group composed of individuals with different interests (e.g. history, architecture, and food). In this case, the profit assigned to a site should be a vector whose elements represent the benefits to individual members of the group. This paper introduces a new routing problem referred to as the vehicle routing problem with vector profits (VRPVP) that can reflect the perspectives of multiple stakeholders by introducing the concept of vector profits, which is its key contribution. The objective of the problem is to maximize the profit sum of the least satisfied stakeholder. A max-min binary programming procedure composed of the linear programming (LP) relaxation and the column generation technique is proposed to find a near-optimal solution of the problem and its optimality gap. Numerical experiments and two cases 4 studies are conducted to demonstrate the effectiveness of the proposed problem formulation and solution methodology.
The rest of this paper is organized as follows. Section II provides the review of the past studies related to the subject of this paper. Section III presents the mathematical formulation of the VRPVP by defining its objective function and constraints. Section IV explains the steps of a procedure to obtain the near-optimal solution of the VRPVP based on a column-generation technique. The effectiveness of the formulation and the solution procedure are validated through numerical experiments (Section V) and two case studies (Section VI) -the planetary surface exploration and the Rome tour cases.
Finally, Section VII presents the conclusions of the study and discusses potential future research.
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Many variations and extensions of the original VRP have been developed to address real-world applications effectively. Consideration of multiple depots (multi-depot VRP, MDVRP), integrated decisions on routing and depot selection (location routing problem, LRP), and introduction of new constraints on site visit time windows (VRP with time windows, VRPTW) are examples of these variations (Laporte et al., 1988; Laporte et al., 1989; Nagy and Salhi, 2007; Berger et al. 2007 ). Toth and Vigo (2014) provided a very comprehensive survey on these variations in their book.
A number of studies on applications and solution methodologies for the routing problem with profits, which is one of these variants, can be found in literature. For example, Balas (1989) introduced the prize-collecting traveling salesman problem (PCTSP) and discussed the methods to obtain its exact solution. Chao et al. (1996) formulated the routing of multiple agents/members to maximize the sum of scores obtainable by visiting sites (the team orienteering problem, TOP) and solved the problem using a heuristic algorithm. Butt and Cavalier (1994) and Butt and Ryan (1999) provided procedures to solve the VRPP using a heuristic algorithm and a column generation based optimization technique, respectively. 3 Chu (2005) introduced a routing problem for two different carrier types (truckload and less-than-truckload) reflecting the viewpoint of a logistics manager responsible for the decisions on the carrier type and routing to minimize the total cost, and proposed a heuristic algorithm to solve the problem. Another interesting example is the tourist trip design problem (TTDP) introduced by Vansteenwegen and Van-Oudheusden (2007) , which can be used as a real-time algorithm for mobile applications. The TTDP is an extension of the TOP that can consider the factors that are important for traveler such as time windows, budget limitations, attraction values, and scenic routes. A survey on various approaches to find the solution of the VRPP such as exact methods, classical heuristic procedures, and metaheuristics was provided by Feillet et al. (2005) .
Some relatively recent studies on vehicle routing address the cases with multiple objectivesinstead of a single objective adopted in traditional problems (e.g. maximizing total travel distance and 6 minimizing total cost). Jozefowiez et al. (2008) proposed a meta-heuristic algorithm to obtain the Pareto optimal solutions of a bi-objective traveling salesman problem with profits (TSPP), whose two objectives were minimizing the total tour length and maximizing the total profits. Schilde et al. (2009) introduced a bi-objective orienteering problem considering two different benefit categories obtainable by visiting a site. Two metaheuristics-based algorithms -the Pareto ant colony optimization (P-ACO) and the Pareto variable neighborhood search (P-VNS) -to generate the non-dominated front of the problem were proposed. As the most recent study, Matl et al. (2017) formulated the personal scheduling for a mobile freelancer as the bi-objective orienteering problem. Two objectives considered in their study were to maximize the task planning and to maximize the enjoyable free time. Non-dominated solutions of the problem were obtained by a metaheuristic algorithm based on large neighborhood search (LNS). Note that all the aforementioned multi-objective studies addressed two objectives -the authors could not find any routing problems that deal with three or more objectives.
The problem proposed in this paper is similar to the robust VRP in that the concept of profit vector relates multiple values to a site. The robust VRP can address the uncertainty in the parameters and data of routing problems (e.g. demand, travel cost, and service time), which are treated as deterministic in traditional VRPs. Sungur et al. (2008) presented a robust vehicle routing problem to minimize the cost while satisfying the customers' demand under uncertainty. Ordonez (2010) and SolanoCharris (2015) provided comprehensive surveys on various uncertainty models (such as costs, demand, time, and customers) and solution methodologies for the robust VRP in their paper, respectively.
The max-min criterion has been used in some studies on robust VRP -conceptually or explicitly, while the authors could not find any VRPP study that adopted this criterion. Han et al. (2013) considered multiple scenarios associated with various forecasts (on uncertain travel time) for route selection to improve the performance of the routing mission under the worst-case scenario. Ogryczak (1997) applied the lexicographic minimax approach to a location selection problem. He pointed out that the approach can overcome the criticism on the traditional minimax problem that the efficiency (Pareto optimality) of the solution is not guaranteed.
7

III. Problem Description
A. Vehicle Routing Problem with Vector Profits (VRPVP)
As was mentioned in Section I of this paper, the VRPVP is a variant of the vehicle routing problem with profits (VRPP). Given the depot/sites locations and profit values associated with the sites, the VRPP determines the set of routes starting and terminating at the depot that maximize the sum of profits obtained from the sites visited by the routes under certain constraints. Each site can be visited at most once and it is not necessary to visit all sites, which differentiates the VRPP from classical VRPs, which require visits to all sites. Since the profit assigned to a site becomes a vector, the sum of the profits for a route or for the overall mission is a vector whose k th component is the sum of the profits for the k th stakeholder. In Fig. 1-(b), for example, the total profit sum obtained from the mission (composed of routes A, B, and C) is [13 14 12] . This finding means the three stakeholders obtained the total profit values of 13, 14, and 12, respectively, from the mission.
With the total profit sum in vector form, how to formulate the VRPVP mathematically as an optimization problem -definition of its objective function, in particular -remains an issue. Several different approaches for this issue can be considered. One approach is to calculate the (weighted) sum of the elements of the total profit sum vector and define it as an objective of the routing problem. The weighted sum approach can transform the VRPVP into traditional VRPP and solve by existing solution methodologies, which is its key advantage. However, the approach has a critical limitation that low weighted elements are likely to be ignored during the decision making procedure -like the drawback of the majority rule. To define a multi-objective optimization (MOO) problem whose objectives are the elements of the vector -total profit sums for different stakeholders -is another approach. This approach generates the family of efficient solution referred to as the Pareto front, which can reflect the perspectives of all stakeholders. However, generating the Pareto front for multi-objective routing problem is very difficult and may be not tractable sometimes.
The objective function used in the VRPVP formulation presented in this paper is the maximization of the minimum element of the total profit sum vector (the Max-Min criterion). The procedure to calculate the objective function is described in Fig. 1 
-(b). Out of the elements of the vector [13 14
12], the total profit sum for stakeholder 3 (= 12) is the minimum, and is determined to be the objective function (to maximize) of the problem.
B. Mathematical Formulation of the Problem
This subsection provides the mathematical formulation of the VRPVP. To define a routing problem, we assume that a depot and multiple sites (C = {1, … , nc}) are given. For each site i, a profit vector pi is defined as follows.
where k i p denotes the profit value obtainable in site i for stakeholder k and ns is the number of stakeholders. Note that we are interested in the cases with multiple stakeholders, and ns is an integer no smaller than 2.
A vehicle visits the subset of C under resource constraints (e.g. amount of fuel consumed, time spent, and number of routes) imposed on both individual routes and the whole mission. Note that the resource consumption can be classified into two types: on-arc and on-site consumption types. The onarc consumption arises while the vehicle is moving from one site to another, and is directly proportional to the length of the route or the time spent on the route. The on-site consumption -proportional to the time spent on site -takes place when the profit from the site is acquired.
We additionally assume that only the shortest closed path that visits the given subset of sites and depot locations, which is the solution of the traveling salesman problem (TSP), is selected. Once the sites to be visited are specified, a path that starts at the depot, visits all the specified sites, and returns to the depot is determined as an associated route. In this regard, we can define the index set of possible routes (J) as follows.
An integer j  J is associated with a route such that site i belongs to the route if the i th digit
) is equal to 1, and does not otherwise. 4 With this information, we can define j R as the set of customers that belongs to route j.
In addition, we define the index set of feasible routes Jf with in-route consumption coefficient vectors cd and cr and the budget vector br as follows:
the time required to stay at site i to obtain the profit. Any types of resources required to operate the vehicle can be considered for constraints -these are the elements of br.
Note that the TSPj denotes the shortest travel length or the minimum travel time to complete the routes depending on the type of cost (distance or time) associated with the arc representing the movement between two sites. In addition, cd and cr respectively represent route-constraining resource consumption per unit length (on-arc) and per unit time (on-site). For example, if the total time to complete the given mission (in hours) is considered as the constraining resource, and TSPj is the shortest travel length (in km), then cd is the inverse of the vehicle's velocity (in hour/km) and cr is unity (in hour/hour).
Mathematical formulation of the VRPVP as a max-min type integer-programming problem is presented as follows.
subject to
The objective function of the VRPVP, which is maximization of the minimum total profit sum obtained from the mission for all stakeholders, is expressed in Eq. (4). Decision variables for this problem are xj and k. The binary variable xj is equal to 1 if route j -the TSP solution for the depot and sites belonging to Rj -is included in the solution, and 0 otherwise. The variable k is the index of the stakeholder that has the minimum total profit sum. Also, (6) expresses resource constraints over the whole mission. The vector hj represents the amount of resource consumed while the vehicle is traveling on route j, and is defined as follows.
where dd and dr respectively represent mission-constraining resource consumption per unit length (onarc) and per unit time (on-site). We can obtain the total consumption of the mission-constraining resource by summing hj over all j included in the solution, which should be no greater than the budget for the mission-constraining resource (bm). Note that we can set up the mission-constraining resources (elements of bm) differently from the route-constraining resources (elements of br), which makes cd/cr different from dd/dr. For example, it is possible that a route constrains the amount of fuel used to complete the route but the mission constrains the total time spent on the whole mission. Eq. (7) expresses the constraint that the number of routes for the mission should be no greater than the maximum value (nR), and Eq. (8) represents the constraint that xj is binary.
The max-min type formulation for the VRPVP described in Eqs. (4)- (8) can be rewritten in a simple minimization mixed-integer linear programming (MILP) formulation, which will be used for its solution methodology. The MILP formulation of the VRPVP () is as follows.
[
subject to Eqs. (5)- (8) and an additional constraint,
In this formulation, we introduce a new real-value decision variable z to convert the max-min formulation to a minimization problem (Bertimas and Tsitsiklis 1997, pp. 16-17) . The objective of the new problem is to minimize -z (or to maximize z) where z is no greater than the total profit sum of any stakeholder (Eq. (11)). The solution methodology presented in the next subsection is developed based on this MILP formulation.
IV. Solution Methodology for the VRPVP
We developed the procedure to solve the problem by modifying the methodology used to solve the VRPP by Ahn (2008) . The procedure is designed based on the column-generation technique (Bertsi- The step starts by introducing the mathematical formulation of the LP relaxation of the VRPVP (L).
[L:
T R n  
In this formulation, the vector x and matrices A, H, R are defined so that Eqs. (12)- (16) 
In addition, Note that each column of  or L is associated with a route -indexed by j. Although the total number of columns of the problem is very large (= ||Jf||), only a very small fraction of them are relevant to the optimal solution. Using this property, we construct a fractional problem of L with initial columns that can be included in the feasible solution (e.g. simple round trips from the depot to each site), and systematically identify the candidate columns that can be included in the optimal solution of the problem; this procedure is a column-generation method. Problem LF, the fractional problem of L, is defined as follows. 6 A direct relaxation of the binary constraint is  0 x 1. In this case, however, Eq. (13) 
where Ac, Hc, and Rc are fractional matrices and
1 is a fractional row vector associated with the generated columns.
(Step 4) Solve the Current  LF and Obtain Its Dual Variables
The column-generation procedure identifies the columns to update LF so that the true optimum of problem L can be obtained by solving problem LF. The procedure utilizes the property that the optimality of the primal problem (L) indicates the feasibility of its dual (D) (Bertimas and Tsitsiklis 1997), which is defined as follows.
[D: Dual Problem of L]
subject to,
In this formulation, q1, q2, q3, and w are dual variables associated with constraints (13), (14), (15) indicates that it should be included in LF for further iteration. Hence, we can identify such columns (or indices j) using the following inequality in the column-generation procedure.
where Aj, Hj, and Rj are the columns of the matrices A, H, and R associated with route j, respectively. Eq. (32) can be reorganized using the following relationships. systematically, the sites are combined in a lexicographical way to construct routes (Ahn 2008 , Ahn et al. 2012 , and the constructed routes are tested whether they belong to Jf using the single-route resource constraints expressed in Eq. (3). Columns associated with the feasible routes (or j) are generated to update the fractional LP problem (LF). This column-generation procedure continues until there is no additional feasible route -with respect to the single-route resource constraint -violating the dual feasibility condition described by Eq. (36).
(Step 6) Create an Approximate Problem of the Original VRPVP ( A )
The columns for the final fractional problem and associated matrices (Af, Hf, and Rf) are used to construct a MILP that can provide a near-optimal solution of the original VRPVP () as follows.
[A: Approximate formulation of ]
subject to 
: binary x .
The solution of A can be obtained using one of the standard approaches for LP problems involving integer variables (e.g. the branch and bound method).
(Step 7) Obtain the Approximate Solution and Optimality Gap
While the optimal solution of LF with the final columns is same as that of L, it is not guaranteed that the optimal solution of A is optimal for the original VRPVP formulation () as well. Using the solution of LF, however, we can compute a metric related to the optimality of the approximate solution obtained by the proposed procedure.
Let 18 the final LF obtained after completing the column-generation procedure). The relationship between these three values can be expressed as the following inequalities.
The first inequality holds because A is constructed using a fraction of the columns of , and the second inequality holds because L is a relaxation of  and hence has the better objective function.
These inequalities are used to compute the optimality gap between the approximate solution and the true optimal solution as follows.
Note that the optimality gap expressed as Eq. (44) provides the worst-case gap between the approximation and the true optimum.
The next two sections present the results of the numerical experiments and two case studies demonstrating the effectiveness of the problem formulation and solution procedure introduced in this subsection.
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V. Numerical Experiments
This section presents the results of numerical experiments for demonstrating the validity of the mathematical formulation and solution procedure for the VRPVP proposed in this paper. The benchmarking
Team Orienteering Problem (TOP) instances presented in Chao et al. (1996) were used for the experiments. Note that the original instances do not involve vector profits -each site is assigned a scalar profit value. The instances were converted to VRPVP instances by 1) introducing three more stakeholders (total four stakeholders), and 2) assigning profits to sites (associated with a specific stakeholder) It can be observed that the proposed algorithm can obtain solutions for all the instances -including the one with relatively large number of sites (up to 100). The magnitudes of optimality gaps were very small; we had 0 % gap for 33 out of 45 instances and its maximum value was 3.05 %. The computing times become larger as the value of resource consumption budget (br) increases, which entails the expansion of the solution space and requires more column generations. In-depth analysis on the relationships between the characteristics of a problem instance and the optimality gap / computing time can be a potential subject for future study. 
VI. Case Studies
This section introduces two realistic case studies involving real-world applications of the VRPVP; 1) routing for planetary surface exploration and 2) city tour design for a tourist group. Note that both applications consider the involvement of multiple stakeholders and the profit obtained by visiting a site is expressed as a vector, representing the different perspectives of the stakeholders.
A. Case 1: Routing for Planetary Surface Exploration
The design of the routes for a rover exploring the surface of a planet (e.g. Mars) is selected as the first case study subject Lee and Ahn 2017) . We can imagine various different stakeholder groups interested in the planetary surface exploration, and each of the groups may have its own objective associated with the surface exploration mission. For example, geologists would be interested in gathering soil samples, biologists would be searching for evidence of life, and certain investors might be looking for natural resources from the exploration. Table 2 summarizes the results of a study on the benefit of spaceflight as perceived by members of different organizations; the New England Science Fiction Association (NESFA), the Committee for the Future (CFF) and the American Institute of Aeronautics and Astronautics (AIAA). It should be noted that there are many different categories of benefit from the planetary exploration, and the mixture of categories is diverse, depending on the organization.
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For this planetary surface exploration case, four stakeholder groups are set up based on the aforementioned study results: 1) technological, 2) scientific, 3) political, and 4) economic groups. The profit values for the four profit categories are randomly chosen while the sums of profits for different categories are the same.
The locations of the exploration sites were determined based on a test problem presented by Chao et al. (1996) . The cost (length) to complete an arc is defined as the Euclidean distance between the two sites associated with the arc; the effect of terrain was not considered. The time to complete the exploration at each site (ti) was randomly selected between 0.5 and 2.0 hours. Table 3 and Table 4 summarizes the parameters used in this case study. The site locations, profit values (for different stakeholders) and mission completion time are presented Table 5 . Table 6 show the solution of VRPVP for Case 1. The square at the location (35, 35) represents the depot where the rover starts and ends each route (for refueling and maintenance) and the dots are exploration sites. The objective function values for the LP relaxation (JL) and the approximate MILP (JA) are respectively 325.59 and 318. The optimality gap is computed as 2.33 %, which is a very low value indicating that the solution can be considered nearly optimal. The profit sums for stakeholders obtained by solving the VRPVP were compared with the results of the VRPPs with various objective functions in Table 7 . While each VRPP solution yields the maximum profits sum for the stakeholder associated with its objective function, the VRPVP provides the best minimum profit sum over all stakeholders. 
B. Case 2: Design of Tourist Group Tour
The second case study solves a tour routing problem for a group of travelers with various interests using the VRPVP proposed in this paper. When people travel to a famous tourist spot as a group, they are faced with the problem of selecting the attractions to visit and determining their tour sequence.
This routing problem influences the satisfaction level of the group significantly. A number of studies and their implementations that address this challenge can be found in the literature. For example, Vansteenwegen et al. (2007) proposed "the tourist trip design problem (TTDP)" and the mobile tourist guide, which can suggest holiday plans in real-time using reliable data on tourist attractions, was developed based on this problem.
One of the important advantages of their work is the capability to recommend a tour plan by considering the user's personal preferences on attractions. However, this approach is not appropriate for providing recommendations to a tourist group of multiple members. Since the preference structures of the group members could be highly diversified, the routes of the tour should be carefully determined 26 so that the satisfaction levels of the members are harmonized. This tour routing problem, which considers the various preference structures of the tourist group members, was solved using the VRPVP framework introduced in this paper. Tables 8 and Table 9 summarize the parameters used for the case study problem. Rome was selected as the location of the tour, which contains numerous attractions. In the case study, we selected 34 famous tourist attractions as candidate sites to visit. For each site/member, a profit value ( Table 10 . The interests of the travelers are reflected in assigning the profit values. We assumed that traveler 1 is interested in visiting religious places (e.g. churches), traveler 2 likes walkaway attractions (e.g. Palatine Hill), and traveler 3 is enthusiastic about ancient architectures (e.g. Foro Romano). The travel time between two sites, which is used as a cost associated with an arc connecting the two sites, was obtained using the Google Maps Directions API 9 . The TSP solution associated with site set j (TSPj) was expressed as the shortest time to complete the visits to all sites (in hours), not as the smallest path length. The profit sums for stakeholders obtained by solving the VRPVP were compared with the results of the VRPPs with various objective functions in Table 12 . These comparison results are similar to the comparison results for Case 1 presented in Table 7 , which also demonstrates the effectiveness of the proposed framework in maximizing the profit sum of the least satisfied stakeholder. 
VII. Conclusions
The vehicle routing problem with vector profits (VRPVP), which is a routing problem that can handle the profit structures of multiple stakeholders associated with the mission, is proposed as an extension of the existing vehicle routing problem with profits (VRPP) framework. Maximizing the minimum profit sum (over all stakeholders) obtained through the routing was selected as the objective of the problem and the resource consumptions on individual routes and in the whole mission were considered as constraints. A solution method composed of the linear program (LP) relaxation and the columngeneration technique that can generate the near-optimal solution of the VRPVP along with the optimality gap value was propose and validated through numerical experiments using test problem instances. Two case studies -the planetary surface exploration design and the routing for a group tourdemonstrated that the proposed VRPVP framework could be effectively used to solve routing problems that involve multiple stakeholders with satisfaction levels that should be reflected in their solutions in a balanced way.
The use of max-min criterion does not guarantee that the solution belongs to the Pareto front, which is one of issues that the following study should address. The authors expect that the issue can be resolved by introducing the lexicographic max-min criterion (Ogryczak 1997) , which can be implemented by modifying the VRPVP framework proposed in this study. Another research direction is the development of a multi-objective optimization framework that can directly generate the family of efficient solutions (or, Pareto front) of the VRPVP. Extension of current framework to handle multiple depots and/or separate departure and arrival locations would be another area for potential future study.
